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Canonical approach
A.Hasenfratz , D.Toussaint (1992)
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Canonical approach
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A.Hasenfratz , D.Toussaint (19922 |
Canonical

Grand Canonical

syste
T,V
—

energy

heat bath

particle

systeml X X X'] heat bath
T:N,V

<>
energy

v Both ensembles describe same thermodynamics

[Z cc.(T,w;V)

= Y v{E;, N|e"(H-#N/T|E, N

Jo=

can. (T;N,V) ~
= Zi<Ei,N|8_H/T|Ei, N)

v’ Relation between partition functions ?

» Fugacity expansion
ZG.C.(T' U, V) — z ann.(T; N' V)EN ’ 6 = €
N

K
T
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Canonical approach

Fugacity expansion
?
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K
Zoc(T,i;V) = 2 Zean (T; N, VIEN & = eT
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v Regard as Laurent series with respect to fugacity
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Canonical approach

Fugacity expansion
?
+ 00

U

Zoce(T,i;V) = 2 Zean (T; N, VIEN & = eT
N=—o00

v Regard as Laurent series with respect to fugacity

1
Lcan. (T N, V) — % dE g_(N-I_l)ZG.C.(T; 5: V)
C

m u pure
¢ _ iz H
i C s=el, E[ " )!magmary

/:, j d— “‘NZ (Tiw)V)
\\fiﬂ//} Re G.C. (:)
\/ Z ..., is given by

Fourier transformation
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Winding number expansion
Li, X. Meng, A. Alexandru,K. F. Liu (2008)

| e ity Det{D(im)}
Zean (T; N, V) = <%[ d? Det{D(0)}

v’ discrete Fourier transf. is expensive!
v" low cost calculation of Det(D(iu))

Det{D (1)} = Det{1 — kQ(u)} = eTrlosl—x}
K : hopping parameter, Q : hopping term
» Winding number expansion method

Tr{log(1 —xQ)} = z Wke%k
K

g

v {W,} does not depend on u



Construction of {W}, }(our method)

v Wilson fermlon -
Q;~ : i — directed hopping

Q Z(Ql(-l_) +Ql( )) _|_el1Q (+) + e ”Q (-)
Tr{log(1 — Q) = — X Tr(Q" = — 2 XV} ems
X(”)/ number of hopping '

Me— hopping for time direction

4 l 1 ex.n = 3

(3) y(3) (3)
part of X;7, X7, X3
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Construction of {Xf:)}
y (M« number of hopping

" <—— hopping for time direction
v" recurrent formulan - n+1

3
X0 = 30 + 0O + 0, Px, + 0, OxE,
=1

2 I O e XD x®

v' m = N,k can contribute

Kn
w =—Z—Tr X
BEEm i i : n i)

n

3) A (- 3) o (+ 3) A (- >
@0 x@e®  x®oO g
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Construction of {Xf:)}
y (M« number of hopping

" <—— hopping for time direction
v" recurrent formulan - n+1

3
X0 = 30 + 0O + 0, Px, + 0, OxE,
=1

ex. X2, x® x® x)

v" m = N,k can contribute

W, = — Z K—:Tr {va’;‘,{}

n

e
Do A Lo L

) ) ) j—) ()

i
|
1

S’ k ; winding number
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Method of calculation —summary-
1 f ity Det{D(i)}

Zcan. (T; N, V) — <%
—Tr

T °© Det(D(O)} |

. iLk
Det{D(iu)} = exp {Zk W,e T }
1. generate gauge conf.atu = 0

2. calculate {W;} from {X,S?)}
3. perform the Fourier transformation
> obtain ann(N) (arXiv:1504.06351

R. Fukuda, A. Nakamura, S. Oka)
4. reconstruct Hadronic observable at real u

~ D, Nchan (N) T
Zec.(u) = ZN ann.(N)e?N ’ <Nk> - _e
ZN ann.(N)eT

— BN (arXiv:1504.04471
<l/)l/)>(u) — ZN O(N)BT " A. Nakamura, S. Oka, Y. Taniguchi)
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, Numerical setu
Action : P

Iwasaki gauge action
2-flavor Wilson clover action
. . 3 3
: X4, X
Lattice size : 8 4 12 4 narameters

v configulation : 100 — 200 nll

v’ 3 : confined phase to 0.137 T
1.1 0.133 1.1 0.673 0.9038(56)

deconfined phase 15 133 11 0706 0.8770(52)

v T, = 222.5(11)MeV 15 0131 1.1 0.813 0.8486(58)

. 1.6 0.130 1.1
v’ Kk :small
1.7 0.129 1.1 1.00 0.770(13)

v HPE : up to 480th order 18 0126 11

(winding number € [—120,120]) 19 0125 11 168 0.714(15)
v Discrete Fourier transf. : 512 21 0122 11 345 0.836(47)



F(NB) — _log(zcan.)/T
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Concavity of Free energy

v required from thermodynamics
AF(Ny)+(1—24) F(N;)
>F(AN{+(1—-A2)N,)
v’ Special case :
> A=1/2,Ny=N,N, =N + 2

Baryon number Ng

108 Zean (N 4+ 1) > 108+ Zeqn(N) Zeqn (N + 2)

)

Zean(N+ 1) Zean(N +2)
ann(N) ZCClTl(N + 1)

v monotonic decrease of Z,.,,(N + 1)/Z.4,,(N)




log(Z_{can.}(N_B+1)/Z_{can.}{(N_B)

log(Z_{can.}(N_B+1)/Z_{can.}{(N_B)

Application range of

wmdmg number expansion method
. 1> log( can<N+1>)

W
T
Ty
m

_ | | | L
0 5 10 15 20 25 30 35 40
baryon number N_B

| :
0O 10 20 30 40 50 60 70 80 90
baryon number N B
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Zcan(N)

1 vex. f =1.9,83 x 4 lattice
i vsetZoyn(N > N.y =28)=0

(truncate the fugacity expansion)

| Vex. B =1.9,123 x 4 lattice
| Y'Neye = 82
| v'density (and B) decide N,;

28 82

ERETENE




-log{Z(N_B)/Z(0)}

Free energy

350 % beta=0.90 ——=—
i beta=1.10 ——=—
300 beta=1.30 ——=—
beta=1.40 —=—
250 beta=1.50
200 beta=1.60 =
beta=1.70
150 beta=1.80
beta=1.90 ——=—
100 beta=2.10 H——=—
50
0

40  -20 0 20 40
baryon number N_B

v'High temp. (T > T,) : flat

v'Low temp. (T < T,) : pointed
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B T/Tc

0.9
1.1
1.3
1.5
1.6
1.7
1.8
1.9
2.1

0.644
0.673
0.706
0.813

1.00

1.68
3.45

» evidence of phase transition?



Quark number cumulant (79), = smlonzec)

¢ a/mk
12 ]
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o o8l - " . Skellam Distribution | 1 <N3> Bﬂ
0 os) O -l DU — tanh (3 )
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STAR Collaboration ‘ something interesting?

Phys. Rev. Lett. 112 (2014) 032302
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We truncate
the fugacity expansion

| Zgc(ug/T)

Ncut u
Z ta
~ Zcan. (Tl) e T

n=—Nc¢yt
ann.(n) =0, |Tl| > Ncut

artificial phase tf@nsatn@n
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Variance,f = 1.5

N_cut=31. —— - e truncate

| the fugacity expansion
) Zgc.(ug/T) .

Hq
~ Z Zcan. (n) e T

n=—Ncyt

deviate from HR 2as
appmach to QG gas

Wa

Q/]@JEK LUVQHU‘J w KT gaj@] S
@] JUJ [q T () ?j] -"\C‘]h ﬁrj(/m || w,
N, creates

artificial phase tfansatn@n . BT

<N"2>c/<N>c

o ::: 1 H.R. gas
A || HRgas(blue line) **°*
¥ oIt QG gas(red line)
2‘1‘4 6
% 4

2

0

ann.(n) =0, |7’l| > Ncut

I
N cut=30. F—e— -
H.R. gas
Q.G. gas

not depend on N,y




Variance (NZ)C/(Nl)C(uB/T)

14 | beta=1.1 F—e—
beta:l.ﬁ —e—

x 12 H.R. gas ——
= 10 Q.G.gas —
\"4
T 8r
NI
<Z Q0 {H}{
v 4T ¥

2 —

0 | |

0 1 2 3 4 5
mu_B/T

v'  Low temp

HR gas - QG gas transition

6

14 -
12 -
10
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o M FEN (0]
I I I

I I
beta=1.9 &1 —
beta=2.1 —e—
H.R. gas —— 7|
Q.G.gas —— |

HR gas(blue line)
QG gas(red line)

0

| |
1 2 3 4 5 6
mu_B/T

v High temp

approach to Q.G. gas

expected from phase diagram

v'  sign problem remains

> large error bars

v

sign problem is controlled
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Skewness (mz , Kurtosis WZ)Z
R S S+ )
" w30 Ihﬂﬂ il
0 1 2mu B/TS 4 5 0 1 2mu_B/T3 4 5
v'  Low temp v High temp
H.R. gas = Q.G. gas transition approach to Q.G. gas

@ Kurtosis (8 = 1.6)
oscillate around ug /T ~ 2

Indicate phase transition?




arg(Z_{can.}(N_B)/Z_{can.}(0))

ann.(T; N, V) —

varg(Z e (Ng)) =07
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Dark side of Canonical approach

3

| an

¢
®
¢
¢
¢
s
®
¢
e
9
°
4
®
®
u
=]
B
lo}
arg(Z_{can.}(N_B)/Z_{can.}(0))

o (XY L o —- NoWw
T T T T
L ]

0 5 10 15 10 15 20
baryon number N_B baryon number N_B

]
[=]
o
[4)]

I'>Tgc:consistent T < T :sign problem!

L (" 1 iy Det(D()]
[z_nf_nd?e ] DedD(O)}})g

v'(_ Jhasnonzerophase! » Sign problem!




detD(imu)/detD(0)

v detD(iu) = exp Zk Wee'T
v ¥z — hermiticity detD(lu) = det D(—iu) is broken

0-12— ‘ : 8: ﬁi B

0.01 | 3 3 é: {}}% §§

i 3 3 g ¢ } |
i AR S "SI R Y 5 B

-1

Sign problem again ! I

e W_,

w, = l < conjugate >

i B

}lsreal

-

* 7T e B 1 F I E ¥ =

-1

-0.5

0 0.5 1 -1 05 0 0.5 1
imu imu

» another form of sign problem? overlap problem?



18/18

Conclusion

Canonical approach + winding number expansion
— truncate the fugacity expansion at some N_,;
— beware to the artificial phase transition

Canonical approach work well at high temp.

Sign problem remains at low temp.
— Y5 hermiticity is broken
— large error bars

Evidence of phase transition
— shape of the Free energy

— transition from HR gas to QG gas
— behavior of Kurtosis



back up



<NA2>c/<N>c

<NA2>c/<N>c

4.4
4.2

3.8
3.6
3.4
3.2

2.8

4.5

3.5

2.5

1.5

AN

Variance (N2

I [ I I [ [
B mu_B/T=1.08 —e— |
B H.R. gas 7
- Q.G. gas 7
B ) i
[ e e |
1 | | | | | L
15 16 17 18 19 2 2.1
beta
I I I I
L mu_B/T=3.00 —e— _
@ _
B § i
= | | -] | | =
15 16 17 18 19 2 2.1
beta

)/(N) .(B)

3.5

3

<N~2>c/<N>c

N

-
(&)

I I I I
mu_B/T=2.04 —e— _

% )

— m —
[0) @ o

| | | | | | [

15 16 17 18 19 2 21
beta

v' Lowtemp:

Hadron resonance gas

(blue solid line)

v High temp:

Quark gluon gas
(red solid line)



Comparison with previous work

8% x 4,k = 0.158

o 1360 1656 1940 3105 8370 T[MeV] .
] T T T I T 4.4 I I I T \_ T [ - I I T \_ T I
Jt'::' T- f = 0408 0 4_2 i % % mu_B'j_fi'.I'leé(;g —e— 7 4_2 - mu_B/T=3.00 —e— |
), B ' = r .G. —
ngf T3 ] pf=0208 —8— 1 Y 38 QG gas 35L 9
[ pf= 0. —— ® 38 . 3
12.0 3 i = 0,004 1 & 2.:21: ] ) 2.2: 1
S T e ¥ " :
10,0 memsow o =B e o S L SR o
3:} i ] 1.5 16 1.7 18 1.9 2 21 1.5 16 1.7 18 1.9 2 21
B s beta beta
6.0 . . T muBT=204+en
4:}&%%@;%%** S ——r. 5 3'2 I <> -
TF —— ﬁEIEEEI-EEL g 8 8 —= %_ 1
- [ A 251
_.l:} ; g . Py
o0 b VoL 2 @ ° |
5.10 5.20 5.30 5.40 6/ o 5 16 17 18 15 2 21
o beta
Christof Gattringer and Hans-Peter Schadler .
g This work

Phys. Rev. D 91, 074511

consistent behavior

v' application range of HR gas becomes small as u/T increases
v' measure the H.R. gas / Q.G. gas transition
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<N~ o f<NAZC

(Nz)c/(ﬁl)c(uB/T) at low temperature
HR gas(blue line) hﬁz?z T, ooF
QG gas(red line) ~C
>
- |BF=009
5 % confined
D L
. ' i
D 1 baryon :hemical pnt.r’temp.gmu_BfT : 5 A
small i /T ~ H.R. gas consjistent
@ up/T~4 forB=0.9
T s =4
large up /T ~ Q.G. gas <

Application range of HR gas becomes small as 5 increases.
circumstantial evidence of phase transition



<M Ef M=

172 71 :
(N )C/(N )C(uB/T) at high t%mfp%rgltu)re

25

T
beta=1.90 —=—
beta=2.10 —e=—
H.R. gas

HR gas(blue line) cc&—-
QG gas(red line)

20 -

15 -

10~

e o @ PPré@ach to QG gas

_ as f increases
| volume dependence

8 x4 ) 123x4
approach to QG gas
as volume increases

s 7 ipteraction remains




(%), (V)
m, - Kurtosis gy (vs. )

solid line : H.R. gas mﬁzgg “Los dotted line : O.G. gas

T T T T T 50 T 50 T T T T T
mu_B/T=0.12 —=— mu_B/T=1.08 mu_B/T=2.04 —=—
4 a0 4 A B
4 30F 9 30F b
4 2F 9 20 b

x

G

¢ |

< L | L i L T i
¢ 10 f ] l — 10 10 i %

Skewness

L L . L L L 20 . . L L L . 20 L L . . L
1 1.2 1.4 1.6 1.8 2 22 08 1 1.2 1.4 1.6 18 2 22 08 1 1.2 1.4 1.6 1.8 2 22
T T T T T T 50 T T T T T T 50 T T T T T T
mu_B/T=0.12 e— mu_B/T=1.08 mu_B/T=2.04 &1
4 a0t 4 anf E
30 4 a0k 4 a0f e
Ao 4 a0 4 2 g
[}
£
Rt S L _ ¢ g 4 1wk 4 1wk T B
N e I
2 ) TS O RUTRS (OO RN NP SOV SR
2 0 S ok 4 ol 3 § ™ i
-10 4 - 4 -
-20 - 4 20k 4 -
Il

Skewness (fig. above)  KUrtosis (fig. bottom)
up/T = 0.12,1.08,2.04 3 1.6 pug/T =2,04,8=1.6
consistent with H.R. gas deviate from H.R. gas

as same as (7\72)@/ (7\7 >c negative value



Kurtosis (vs.ug/T),B = 1.6

( ) beta=1.60 H—&—

Gl L
Eay Hm ﬂ\ﬁﬁj

consistent with H.R. gas approach to Q.G. gas

circumstantial evidence of phase transition



more high-order cumulant (8 = 1.6)

N5>C/(N1>C(ﬂB/T) <N6>C/< ) (.UB/T)

by o T = H |

¥ L A4 o [Ty @:
| # 81 -'/T~0) |

000000

00000

HR.gas g (M
(blue line) . (N (N?),
2nd 3rd 4th . consistent with H.R. gas

5th 6 : inconsistent with H.R. gas
(suggestion)



Volume dependence 83 X 4 vs.123 x 4

<N2> /< ) (ug/T)
f =0.9

(N ) /< ) (us/T)
1



